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Perturbative expansion

8ab(u2, u?) Parton-level cross section

o The parton-level cross section can be computed as a series in
perturbation theory, using the coupling constant as an asjm

parameter

LO

predictions corrections corrections corrections
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Higher order calculation

Higher order calculation
@ More precision in calculated results

[ G

Mohammad Assadsolimani The application of the IBP in the two-loop calculation of the single top quark production



More precision

Ex.: Total cross section for Higgs production in gluon fursio

a(pp - H+X) [pb] Vs=2TeV o(pp - H+X) [ph] Vs=14TeV

10 100120 140 160 180 200 220 240 260 280300 100 120 140 160 180 200 220 240 260 280 300
M, [GeV] M, [GeV]

[R. Harlander, W. Kilgore Nov. '02]

@ Perturbative convergencdeO — NLO(~ 70%) and &
NLO — NNLO(= 30%)
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Higher order calculation

Higher order calculation
@ More precision in calculated results
@ New effects
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Ex.: forward—backward charge asymmetry of the top quark

6 : , oo —
a[pb] PP — th+jet+X AFBO ol pp — tt+.]0t+X7
5 V5 =196TeV ) Vs = 1.96 TeV

Prjet > 20GeV 0 PTjet > 20GeV 4
s ]
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[S. Dittmaier, P. Uwer , S. Weinzierl Apr. '08]
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Higher order calculation

Higher order calculation
@ More precision in calculated results
@ New effects

Exact NLO or NNLO calculations af,,-q needed because of:
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Higher order calculation

Higher order calculation
@ More precision in calculated results
@ New effects

Exact NLO or NNLO calculations af,,-q needed because of:

Accurate and reliable predictions of parton—level
observables.
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Higher order calculation

Higher order calculation
@ More precision in calculated results
@ New effects

Exact NLO or NNLO calculations af,,-q needed because of:

Accurate and reliable predictions of parton—level
observables.

Backgrounds for New Physics Searches
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NNLO

When do we need NNLO?
@ When NLO corrections are large

[ G
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NNLO

When do we need NNLO?
@ When NLO corrections are large
@ When truly high precision is needed
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NNLO

When do we need NNLO?
@ When NLO corrections are large
@ When truly high precision is needed

@ Reliable estimation of the precision can only be obtained by
calculating the NNLO corrections

{EC
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NNLO

When do we need NNLO?
@ When NLO corrections are large
@ When truly high precision is needed

@ Reliable estimation of the precision can only be obtained by
calculating the NNLO corrections

For instancesingle top quark production :
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Single top quark production

The three main hadronic production modes for single top kuaithe
Standard Model:

e t-channel

d t
e s-channel >—m—/_

t g t

=
o

e associated t+W t

Mohammad Assadsolimani
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NNLO single top quark production

The theoretical status of the single top quark production:

Process | VS | owo(pb) | onto(pb)
t—channel| 2.0 TeVpp 1.068 1.062
14.0 TeVpp 152.7 155.9

[B.Harris, E. Laenen, L.Phaf, Z. Sullivan, S. Weinzier| ' 02]

LG
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NNLO single top quark production

The theoretical status of the single top quark production:

Process [ VS [ oio(pb) [ onio(pb)
t—channel| 2.0 TeVpp 1.068 1.062
14.0 TeVpp 152.7 155.9

[B.Harris, E. Laenen, L.Phaf, Z. Sullivan, S. Weinzier| ' 02]
No colour exchange at NLO:

— ~TY
WI\X//'\\

& [T J [T ] =0

Only vertex corrections contribute:
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NNLO single top quark production

The theoretical status of the single top quark production:

Process [ VS [ oio(pb) [ onio(pb)
t—channel| 2.0 TeVpp 1.068 1.062
14.0 TeVpp 152.7 155.9

[B.Harris, E. Laenen, L.Phaf, Z. Sullivan, S. Weinzier| ' 02]
No colour exchange at NLO:
yd ~_~\*  Colour exchange at NNLO:

1 )
w | X W

AN P2 N

& [T J [T ] =0

Only vertex corrections contribute:
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Phenomenology of the single top quark production

Single top quark production
@ to study the nature of the weak interaction
@ is a source of polarized top quarks
(Polarization accessible through angular distributiorfsdecay products)
© to measure directlly the Cabibbo-Kobayashi-Maskawa (CKM)
matrix elemen¥,y,

Vud Vus Vub
vc d Vc s vc b
Via Vis Vio

without assumption of unitarity and three families
= [Vip| =0.92£0.10
[C. Schwanenberger, Moriond QCD and High Energy I nteractions, 13 March 2013 ]

© to access to the b-quark PDFs G

[Alwall, Frederix, Gerard, Giammanco, Herquet, Kalinin, Kou, Lemaitre, Maltoni ’07]
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Tensor integral

In the NNLO-corrections occur tensor integrals

Hij ki k;/j

Pfll... an

J(d, ag, - -, an)[l’ki*’kaf,...] = Jddkl J ddk2

Possibilities to reduce tensor integrals to scalar intdgra
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Tensor integral

In the NNLO-corrections occur tensor integrals

Hit Vi
Hij k1K,
Pt .. PR

I(d, ag, -+, an)Lkt Ky, = Jddkljdd]q
Possibilities to reduce tensor integrals to scalar intdgra

e By Schwinger parametrization
[O. V. Tarasov, Phys. Rev. 96, Nucl. Phys. '81]

o By projection method
[T. Binoth, E.W.N. Glover, P. Marquard and J.J. van der Bij '02; E.W.N. Glover '04]

LG
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Tensor integral

In the NNLO-corrections occur tensor integrals

Hij ki k;/j

Pf”--- an

J(d, ag, - -, an)[l’ki*’kaf,...] = Jddkl J ddk2

Possibilities to reduce tensor integrals to scalar intdgra

e By Schwinger parametrization
[O. V. Tarasov, Phys. Rev. 96, Nucl. Phys. '81]

o By projection method
[T. Binoth, E.W.N. Glover, P. Marquard and J.J. van der Bij '02; E.W.N. Glover '04]
Tensor reduction=- various scalar integrals with the same structure
of the integrand however with different powers of propagato

G
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Integration by parts
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Possible approaches:
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Integration by parts

Possible approaches:
o solve each integral individually

[ G
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Integration by parts

Possible approaches:
o solve each integral individually

o express all scalar integrals as a linear combination of some
basicmaster integrals, Integration by parts (IBP)
[Chetyrkin, Tkachov ’81]
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Integration by parts

Possible approaches:
o solve each integral individually

o express all scalar integrals as a linear combination of some
basicmaster integrals, Integration by parts (IBP)
[Chetyrkin, Tkachov ’81]

Reduction techniques:
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Integration by parts

Possible approaches:
o solve each integral individually

o express all scalar integrals as a linear combination of some
basicmaster integrals, Integration by parts (IBP)
[Chetyrkin, Tkachov ’81]

Reduction techniques:

e Laporta: efficient algorithm to solve linear system of
IBP—Identities
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Integration by parts

Possible approaches:
o solve each integral individually

o express all scalar integrals as a linear combination of some
basicmaster integrals, Integration by parts (IBP)
[Chetyrkin, Tkachov ’81]
Reduction techniques:

e Laporta: efficient algorithm to solve linear system of
IBP—Identities

AIR [Anastasiou, Lazopoulos’ 04]
FIRE [Smirnov ' 08]
Crusher [Marquard, Seidel (o be published)]
REDUZE 1&2 [Studerus' 09; Manteuffel, Studerus' 12]

{EC
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Tarasov's method

Tensor reduction leads to a very large number of scalar iratisg
which are shifted in dimension and have other powers of mapas

Id, ag, -, Q) KK, ] — g”"ZJ(d+xi,a},--- ,ab )

1

Example for two loop corrections to Axial Vector Form Fastor
9(d,1,1,1,1,1, Dk k2162 — J(2+d,2,1,1,1,1,2)+

--4+J4+4d,1,1,1,2,3,1) +---+7J(8+4d,3,3,3,2,1,2)

@
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Tarasov's method

Shift in the dimension

Mohammad Assadsolimani

ﬁéf-fggm
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Tarasov's method

Shift in the dimension

An arbitrary scalar Feynman integral:
9= [Qlisi})
)

docs XU ) N (m2—ie)
O S e L
D(x)]2

Mohammad Assadsolimani The application of the IBP in the two-loop calculation of the single top quark production 17



Tarasov's method

Shift in the dimension
An arbitrary scalar Feynman integral:

o0 da e Q({sl}a)

I (spm2na Ty 5 fo0 o Jo7 S0 el P

D(«)]12

Zl 1 ocl(mlfle)

[ G
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Tarasov's method

Shift in the dimension
An arbitrary scalar Feynman integral:

a;—1 1P({sl} o)
e

00 dcx) cx) DT Zl 10‘1(”11716)]
d

gld ({sl}{m}cxl_[] 16 Jo

D(aimlg) (polynomial differentialoperator) obtained fromD () by

substitutinge;; — 9 = a/am]?. The application oD(9;) to the
scalar integral:

9042 ({5}, {m2}) o< D(2;) 9V ({sq), (m?)),

{EC
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Tarasov's method

Shift in the dimension
An arbitrary scalar Feynman integral:

i—1 .
00 doy cx.aJ ei{iQ(és(lfi')o‘) 7Z{\’:1 ocl(mffie)]

gtd) ({Si},{mg})cxl_ﬂil Cj ‘fgo 5 i
D(x)]12

D(aimlg) (polynomial differentialoperator) obtained fromD () by

substitutinge;; — 9 = a/am]?. The application oD(9;) to the
scalar integral:

70472 ({5}, {m2}) o< D(9;) IV ({s}, {m2}),
apply this to master integrals

jmaster(dfz' ag,--- ,Cln) = Zciﬂ(d, Cl:il, cee ,ail),
i

{'Ec

17
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Tarasov's method

all scalar integrals in rhs. of that equation have to be reqdd by
master integrals.
ie.

Jmaster(d—2,a1,---,an) = ZDjjmaster(dx Cljl, R ai‘l)v
j

LG
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Tarasov's method

all scalar integrals in rhs. of that equation have to be reqdd by
master integrals.
ie.

Jmaster(d* 2,ag,--, an) = ZDijaster(dx Cljl, ety ai‘[)v
j

we have for all master integrals:

d—2 d
I 1
: =Dy -
d—2 d
J3 J¢

master master

wherel is the number of master integrals.
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Projection method

By this method we get scalar products between loop momedta an
external momenta and no shift in the dimension of the intsgra

I(d,ag, - an) ki = g*Y Y I(d ag, -, an)wkip;
i

Example for two-loop corrections to Axial Vector Form Fasto
7(d,1,1,1,1,1, D kM k202 — I(d, —2,1,1,1,1,1) + - --

+J(d,-1,0,1,1,1,1) +---+7(d,0,1,1,1, -2, -2)

@

Mohammad Assadsolimani The application of the IBP in the two-loop calculation of the single top quark production 19



Projection method

The general tensor structure for the amplitude

n

A=) Bi(tu,s)s;,

i=1

wheret, u ands are the Mandelstam variables adg are the Dirac
structures.
Projectors for the tensor coefficients:

SlA = ZB (t.w,s)(8]8:) = Bi(t,u,s) ZM (8]4)
<

i=1

@
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Projection method

The general tensor structure for the amplitude

n

A= Z Bi(t, u, s)Si,

i=1

wheret, u ands are the Mandelstam variables adg are the Dirac
structures.
Projectors for the tensor coefficients:

SlA = ZB (t.w,s)(8]8:) = Bi(t,u,s) ZM (8]4)
i=1 \/
Mji
essential for this methadto be able to calculate the inverse matrix
Mt
)

Mohammad Assadsolimani The application of the IBP in the two-loop calculation of the single top quark production
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Tarasov's method vs. Projection method

Tarasov's method

o Positive powers for propagators (the sum of the powers of all
propagators is large )
@ Calculate the inverse matrix in order to shift back the disien
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Tarasov's method vs. Projection method

Tarasov’'s method
o Positive powers for propagators (the sum of the powers of all
propagators is large )
@ Calculate the inverse matrix in order to shift back the disien
Projection method
o Negative powers for propagators
o Calculate the inverse matrix for the projector coefficients

@
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Tarasov's method vs. Projection method

Tarasov’'s method
o Positive powers for propagators (the sum of the powers of all
propagators is large )
@ Calculate the inverse matrix in order to shift back the disien
Projection method
o Negative powers for propagators
o Calculate the inverse matrix for the projector coefficients

@
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Two-loop corrections to heavy quark form factors

We implemented both methods to calculate the two loop directo
Heavy Quark Vector and axial Vector Form Factors:

EEER

[W. Bernreuther,R. Bonciani, T. Gehrmann, R. Heinesch, T. Leineweber, P. Mastrolia, E. Remiddi '04] {EC

[J. Gluza, A. Mitov, S. Moch, T. Riemann "09]
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Two-loop corrections to heavy quark form factors

Mohammad Assadsolimani
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Two-loop corrections to heavy quark form factors

There are 6 Dirac structures
(Heavy Quark Vector and axial Vector
Form Factors)

81 =1(q1) (1 +vs)ulp2)py
82 = 1i(q1)(1 —vys)ulp2)py
83 =1i(q1)(1 + vs)u(p2)qf
84 = 1(q1)(1 —ys)ulp2)qy
85 = w(qu)(1 +vs)yuulp2)
86 :ﬁ(ql)(l _YS)Yuu(PZ) {E@gffggm
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Two-loop corrections to heavy quark form factors

| | Projection | Tarasov ]

number of integrals 564 671
max sum of powers
of propagators 6 14

There are 6 Dirac structures max sum of negative
(Heavy Quark Vector and axial Vector power§ of propagators 4 0
Form Factors) reduction time 7500 s 433260 s
81 =1(q1)(1+vs)ulp2)py
82 =1(q1)(1 —vys)ulp2)py
83 =1(q1)(1+vs)u(p2)aly
84 =1(q1)(1 —vs)ulp2)ql
85 =1(q1)(1 +vs)yuu(p2)
86 = ﬁ(‘h)(l — Vs )Yuu(p2) feﬁ;‘ff{‘g”:"
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Two-loop corrections to heavy quark form factors

| | Projection | Tarasov ]

number of integrals 564 671
max sum of powers
of propagators 6 14
There are 6 Dirac structures max sum of negative
(Heavy Quark Vector and axial Vector power§ of propagators 4 0
reduction time 7500 s | 433260 s
Form Factors)

81 =1(q1)(1+vs)ulp2)py —
8> = 1(q1)(1— ys u(pa)ph Now one may come to the conclusion:
83 =1(q1)(1 +vs)u(p2)ql
84 =1(q1)(1 —vys)u(p2)ql
85 =1(q1)(1 +vs)yuu(p2)
86 = W(qu)(1 —vs)yuulp2)

L Go
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Two-loop corrections to heavy quark form factors

| | Projection | Tarasov ]

number of integrals 564 671
max sum of powers
of propagators 6 14
There are 6 Dirac structures max sum of negative
(Heavy Quark Vector and axial Vector power§ of propagators 4 0
reduction time 7500 s | 433260 s
Form Factors)

Now one may come to the conclusion:
=-The projection method is an

)
t(q)( )
85 =1 1+
Si — Eggﬂgl 7$33 alternative method for the multi-loop
Ss =1i(qu)(1 +vs)yuu(p) ~ calculation!
86 = 0(q1)(1 —vs)yuulp2) G
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Two-loop corrections to heavy quark form factors

| | Projection | Tarasov ]

number of integrals 564 671
max sum of powers
of propagators 6 14
There are 6 Dirac structures max sum of negative
(Heavy Quark Vector and axial Vector power§ of propagators 4 0
reduction time 7500 s | 433260 s
Form Factors)

21 _ Egglﬁ J_rzf’%ﬁgg%g% Now one may come to the conclusion:
50— ﬁ(qi)(l er:)u(pz)q% =The projection method is an

84 =1i(q1)(1 —vs)u(pa)g alternative method for the multi-loop

S5 = @(qu) (1 +vs)yuu(p2) calculation!

86 = 1(q1)(1 —vs)yuulp2) but- - - Coue
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There are three topological families:

T

\ qd d d

\ d d d

w wi d o o

-—= H d d P

d d o

! o d d

! 9 9 J

_
t t t

Vertex corrections Planar double boxes Non Planar double boxes
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Two-loop corrections to single top quark production

There are three topological families:

T
9 4 d
1 L=t L= | o
d d o
-— wi o d d d
=t [ | o
! o d d
_ ! 9 9 J
t
Vertex corrections Plan tr double boxes Non Planar double boxes

and 11 Dirac structures

S1 =T(q1) vz u(p2)u(q2) YeYq, ulp1)

S2 =T(q1) YeYp; w(p2)T(q2) Y6Yq, ulp1)

S3 =U(q1) YeYu ulp2)u(q2) Y6y wip)

Ss =1u(q1) Y7vu Y w(p2)u(q2) Yoy wip1)

Ss =T(q1) Y7V Y, wW(P2)TW(q2) Y6V Vi Ya, w(p1)

Se =1(q1) Y6V Y Ypy w(P2)U(d2) Y6V Y Yq 1(P1)

S7 =u(q1) Y6V Y Yus w(P2)W(d2) Y6Vu Yo Yus u(p1)

Sg =U(q1) Y7V Yo Yus Ypr W(P2)W(42) Y6V Vi Yus wip1)

So =T(q1) Y7V Yo Yus Vg W(P2)T(G2) Y6 Yy Yo Yus Y Yqp w(pP1)

S10 =T(q1) Y6V Yo Vs Yue Ypr W(P2)W(d2) Y6V Yo Vs Y Yar w(p1) -
S11 =T(q1) Y6 Y Yo Yis Y Yus W(P2)T(q2) Y6V VinYus Y Yus w(p1) e
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Two-loop corrections to single top quark production
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o Vertex corrections: both methods
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Vertex corrections
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Two-loop corrections to single top quark production g%

o Vertex corrections: both method$
e Planar double boxes : projection method

[ G
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Planar double boxes

., 9 g g |, g g g
d Jd 3 s d &
wi g J g w Jd d d w
| e, e, e, | (e, e, (e, |
' g 4 q ! d g g |
t t t

v~ reduction up to 4 scalar products witEDUZE2 and CRUSHER
v consistency checks of the reduction tables

v calculation of the corresponding diagrams

v~ check of the end results
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Two-loop corrections to single top quark production g%

o Vertex corrections: both method$
e Planar double boxes : projection methed

[ G
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Two-loop corrections to single top quark production

o Vertex corrections: both method$
e Planar double boxes : projection methed
@ Non Planar double boxes: a challenge !

LG
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Non planar double boxes

(]

Reduction to master integrals: need four scalar products

e Rather simpler topologies :
. t t
>< i w I\ Vl\/\\ wh
1 I_T woy \3 ‘4 t t

Topologies 3 and 4 are completely reduced
REDUZE2 reduced up to 3 scalar products, fourth is challenging!
More complicated topologies:

=
<
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Conclusions

e Itis important to consider higher order contributions ireth
perturbation series

@ We have seen two possibilities to reduce tensor integrals to
scalar integrals

@ The choice of the reduction method determines how difficalt t
next step (IBP) is

@ We calculated the two loop vertex corrections to the singje t
quark production

e As atest of our setup, we have calculated ¢rfe?)
contributions to the Heavy Quark Vector and Axial Vectorrior
Factors, confirming the results 8krnreuther et al. and
Gluza et al.

@ We computed also the double box contributions, however thg.
application of the IBP method is not trivial
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Non Planar double boxes

2,
Upppyt

Using standard software to redu@él,1,1,1,1,1,1, —ag, —ag)
lag| + |ag| = 4, will generate large number of seeds in sub sectors 6
(allowed 1 dot).= bottleneck for reduction! Onelternative approach

1. Consider the givenintegralg1,1,1,1,1,1,1, —ag, —ay),
lag| + |ag] =4 as seeds

2. Determine all IBP-Relations, in which these integrals accu
Example

In[17]:= t1ibp[[7]1] /. {al ->1,a2->1,a3->1,a4->1,ab->1,a6->1,a7->1,a8->-2,a9->-2}

Out[17]= -INT[O, 1, 1, 1, 1, 1, 2, -2, -2] + 2 INT[1, O, 1, 1, 1, 1, 1, -2, -1] -
INT[1, 0, 1, 1, 1, 1, 2, -2, -2] - INT[1, O, 1, 1, 1, 2, 1, -2, -2] -

INT[1, O, 2, 1, 1, 1, 1, -2, -2] + INT[1, 1, 1, 0, 1, 1, 2, -2, -2] +

INT[1, 1, 1, 0, 1, 2, 1, -2, -2] + (-3 + d) INT[1, 1, 1, 1, 1, 1, 1, -2, -2] +
2t INT[1, 1, 1, 1, 1, 1, 1, -2, -1] + INT[O, 1, 1, 1, 1, 1, 2, -3, -2] -

(mw"2 + s + t) INT[1, 1, 1, 1, 1, 1, 2, -2, -2]
3. Solve each IBP relation for such integrals
J(1,1,1,1,1,1,1, —ag, —ag) With 4 scalar products

4. Consider all other integrals with 4 scalar products and 1 d@t:=
in the sub sectors with 6 propagators as seeds
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Status of the calculation for single top quark Production

| Topology | # Diagrams|  reduction | performed checks
Vertex corrections 29
Planar double boxes 6

Non Planar double boxe

Uy

12 work in progress -

There are two most complicated topologies, which could Bot b
reduced completely until now :

000)

=
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Backup

identities:
ibp:
=i
topo2 6 126 6 3

[t, t+1], s: [3, 4] \}
1-31111100

topo2 6 125 6 4 1
topo2 6 125 6 4 1
topo2 6 1256 6 4

[y
o |
[y
[y
[y
[y
e
-~
o

topo2

6126 74 1011112-40
topo2 6 126 74 1011112 -3-1
topo2 6 1256 74 1011112 -2-2
tope2 6 125 74 1011112-1-3
topo2 6 126 74 10111120 -4

grep topo2 seeds_topo2_6_125_ibp |we
175 2450 6636

ﬁéf-fggm

u]
|
I
ul
!

Mohammad Assadsolimani
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Backup

]
Zypis®

2 <
Upppyt

topo2 6 1256 63 1-31111100
topo2 6 1256 63 1 -211111-10
topo2 6 1256 63 1 -2111110-1
topo2 6 125 63 1-111111-20
topo2 6 126 6 3 1 -111111-1-1
topo2 6 125 63 1-1111110-2
topo2 6 126 63 1011111-30
topo2 6 126 63 1011111-2-1
topo2 6 126 63 1011111-1-2
topo2 6 126 63 10111110 -3
topo2 6 1256 64 1-41111100
topo2 6 126 64 1-311111-10
topo2 6 125 64 1 -3111110-1
topo2 6 126 6 4 1-211111-20
topo2 6 126 6 4 1 -211111-1-1
topo2 6 126 6 4 1 -2111110-2
topo2 6 125 64 1-111111-30
topo2 6 1256 6 4 1 -111111-2-1
topo2 6 1256 64 1 -111111-1-2
topo2 6 126 6 4 1 -1111110-3
topo2 6 126 64 1011111-40
topo2 6 126 64 1011111-3-1
topo2 6 126 64 1011111-2-2
topo2 6 126 64 1011111-1-3
topo2 6 126 64 10111110 -4
topo2 6 1256 74 1011112-2-2
topo2 6 126 73 1011121-2-1
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Extraction of Vib

[ Kidonakis PR T4 | 1401 (2006)

Vie Vis Vi
L =~ +0.88
w DO elpters 2.3 i 1r 394705 b Veim =| Vs Vs Ve
DO Tjets 48 fb' —— 34%eb |3 Ve Vs Vo
@ CDF elptjers 32!+ 217703 oy %
CDF MET+ers 231t —+—a—— 50128 p, | B
= 0. + 89
Tevatron Corblitn. & 276408 pp | [Vl = 0.882007] E 8%
Do DO elp+jets 54 b 8- 34342 pb| 3 | Vel = 0.92/01]
!
(11 CDF elu+jets 7.5 ib! 3044227 ph 8 [ vl = 0.9220.10
CDF MET+jets 9.1 fh 30t ik |y
@ "f‘. . p

|
,nw-j:ummv 0 2 4 6 8
sl Os4t Ipb}

= good agreement with Standard Model

Single Top Quark Production al the Tevatron - Christian Schwanenberger - Morlond GCD
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