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Entanglement entropy

Consider a state |¢) in a Hilbert space #H, which evolves in time by its
Hamiltonian H

Physical quantities are computed as expectation values of operators as fol-
lows

(0) = (W|Of) = Tr(p0O)

where we defined the density matrix p = [¢)(¢|. This system is called a
pure state as it is described by a unique wave function |).

In mixed states, the system is described by a density matrix p. An example
of a mixed state is the canonical distribution

e_BH

P = Tr(e—BH)




Assume that the quantum system has multiple degrees of freedom and so
one can decompose the total system into two subsystems A and B

-

H=HsRHpR

The reduced density matrix of the subsystem A

pa = Trp(p)

Then the entanglement entropy is defined as the von-Neumann entropy for
A

Sa=—Tr(palnpa)



Properties of Entanglement entropy

1. For pure state

Sp= Ap
2. For two subspace A and B, the strong subadditivity is

Sa+ S < SauB+ SanB
3. Leading divergence term is proportional to the area of the boundary 0A

Area —(d—
Sa=co— + O {472,
€

where cg is @ numerical constant; e is the ultra-violet(UV) cut off in quantum
field theories.
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Rényi entropies

It is also useful to compute Rényi entropies

Sp = log Trp"

1—n
Then the entanglement entropy is given by

n—1

Practically one may first compute Tr(p") by making use the replica trick and
then

Sg = —anTl’pn|n:1



AdS/CFT correspondence

Basically AdS/CFT correspondence is a duality or a relation between two
theories one with a gravity and the other without gravity.

The gravitational theory is usually defined in higher dimension.
Well developed case is the one where the gravity is defined on an AdS

geometry where the dual theory is a CFT living in the conformal boundary
of AdS space.
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Classical gravity on an asympotically locally AdS,4 1 background is dual to
a d-dimensional Large N strongly coupled field theory with a UV fixed point
on its boundary.

AdS;4 1 metric in Poincare coordinates

2 2
" (—dt? 4 d?) + R—2d7°2.
T

ds? = —
R

AdS;41 metric in global coordinates

> re . 5 dr? 2 12
ds? = —(1 4+~ )dt2 + 4 r2d032_,
R2 2

1—|—R2

Here boundary is at r — oo
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There is one to one correspondence between objects in CFT and those in
the gravitational theory on AdS space.

Gravity <— Field theory
{r,t,Z} <= {scale of energy,t,z}
Near bogndary <— UV, IR regions
Near horizon
Symmetries <= Symmetries
Fields ®(r,t,¥) <= Operators O(t,T)
On shell action <= Generating function
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Suppose O(t,Z) on the boundary corresponds to field ®(r,¢,Z) in the bulk
whose action is S[P].

Suppose O(t,7) has dimension A:
O(z) = \20(2)
One can solve equations of motion of ®(r,¢t,%) in the bulk.
The asymptotic expansion is
im®(r,t,7) ~ rf 2ot 7) + r26(t, 7).
r—0
A is given in terms of mass, dimension,....

o(t, ) is source and ¢(t,Z) is response.
13



o(t, ) is source

o(t, ) is response

n-point function

/ AL + / Az o(t, 2)O(t, T)

(O) = \;ﬁéig[;o] ~ ¢[p] + local terms.
Oy 0, ~ 0]
1 n &pn—l
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Holographic Formula for Entanglement Entropy

For static background and fixed time divide the boundary into A and B.
Extend this division AU B to of the bulk spacetime. Extend 0A to a surface
v4 In the entire spacetime such that 9v4 = 0A.

Minimal Surface

/

i

AdS 4+ >
Bou%ry -
g, — Arealya)
A p—
4G I+2)

S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy

from AdS/CFT,” Phys. Rev. Lett. 96, 181602 (2006) [hep-th/0603001].
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(a) Ax/m( (b) y
e [
L )//
N
/ J
] ]

Consider a strip in a d dimensional CFT at fixed time

£ 14

t = fixed, x1 < -, < <
2

VAN

R? 1

Consider a profile in the bulk 1 = z(z), so that the induced metric reads

dS2 = la+ ©'?)dz2 + da?].
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The area of the induced metric is

V1422
A= [d-2pd-1 /dz T

Ld—1

One needs to minimize the area

x/
= constant =

1
d—1
zd_1\/1—|—33’2 2t

The width and the entanglement entropy are

dz

Ld—QRd—l
§ =

- .,
) S Te |
0 \/1 ~ (2)2(d-1) : Zd—l\/

where z; is a turning point and € is a UV cut-off.

1 _ (g)Q(d—l)j
2t
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R J4
Sehl

with cg being a numerical factor

d—1
Qd_zﬂ'T

OC= "3 >
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The formula leads to the area law (for Einstein gravity).

The strong subadditivity can also be holographically proven (for static
background)

For 2D CFT using AdS3 one finds

c Y
Si4=—1In-
A 3 €

where ¢ width of strip, ¢ = 35.
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Higher Derivative Corrections

The holographic formula we have consudered is for Einstein gravity. Moti-
vated by the Wald formula it is interesting to see how this formula is modified
in the presence of higher derivative corrections to Einstein gravity.

Unlike the Wald formula there no a general expression when we have arbitrary
higher derivative corrections. However the holographic entanglement entropy
has been found only for the Lovelock gravities

For the Gauss-Bonnet gravity whose gravity action is
1

SoB = —Ter— / d¥22./g [R — 2\ + A(Ruvpe R*P° — 4R, R + R?)|
N
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The holographic entanglement entropy is argued to be

1
SA — MinfyA [@ [YA ddw\/ﬁ(l _l_ 2>\R’L’I’Lt) ,

where R;,; is the intrinsic curvature of v4.

L. VY. Hung, R. C. Myers and M. Smolkin, On Holographic Entanglement En-
tropy and Higher Curvature Gravity, JHEP 1104 (2011) 025 [arXiv:1101.5813
[hep-th]].

J. de Boer, M. Kulaxizi and A. Parnachev, Holographic Entanglement En-
tropy in Lovelock Gravities, JHEP 1107 (2011) 109 [arXiv:1101.5781 [hep-
thl].
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Part one
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Time-dependent backgrounds

So far we have considered static case where we have a time slice on which
we can define minimal surfaces. In the time-dependent case there is no a
natural choice of the time-slices.

In Lorentzian geometry there is no minimal area surface. In order to resolve
this issue we use the covariant holographic entanglement entropy which is

Area(y4 (%))
Sa(t) =
! 4G it2)

where v 4(t) is the extremal surface in the bulk Lorentzian spacetime with
the boundary condition 9v4(t) = 0A(t).

Strong subadditivity?

V. E. Hubeny, M. Rangamani and T. Takayanagi, “A Covariant holographic
entanglement entropy proposal,” JHEP 0707, 062 (2007) [arXiv:0705.0016

[hep-th]].



Example of time-dependent case: Black hole formation or Thermalization

Geometry <= State

AdS solution <= Vaccum state
Black hole «<— EXcited state; thermal

et us perturbe a system so that the end point of the time evolution would be
a thermal state. This might be done by a global quantum quench. Typically
during evolution the system is out of equilibrium.

The thermalization process after a global quantum quench may be map to
a black hole formation due to a gravitational collapse.

25



A quantum quench in the field theory may occurs due to a sudden change in
the system which might be caused by turning on the source of an operator
in an interval 6t — O.

This change can excite the system to an excited state with non-zero energy
density that could eventually thermalize to an equilibrium state.

From gravity point of view this might be described by a gravitational collapse
of a thin shell of matter which can be modelled by an AdS-Vaidya metric.

2
dS? = R—[f(r, v)dv? — 2drdv + dz°],  f(p,v) =1 —mO(v)r?
2

where r p is the radial coordinate, x;s are spatial boundary coordinates and v
is the null coordinate. Here 6(v) is the step function and therefore for v < 0
the geometry is an AdS metric while for v > 0 it is an AdS-Schwarzschild
black hole.
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R——@@2+vw%rﬁzeﬂww
z'—l

S = /dD_l_QiU\/ + Smatter:

167TGN

where V(¢) = Vpe??, G is the Newton constant, v, Vy and )\; are free param-
eters of the model.

0
ds® = 7“_25( — 722 f(r,0)dv? + 2r* Ldrdv + rzd:fz), o= 2p8Inr,

Mn:¢2@—n D0+, A2=¢ 2(D-0) Q)
b D—0+z v D_0+2_2D0tz2

where z is the dynamical exponent and 6 is the hyperscaling violation expo-
nent.

_ m(v) Q(v)?
fho)=1- 5+ 2(D—0+2—1)
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The energy momentum and current density of the charged infalling matter
are given by 7, = oU,U, and J,SQ) = oeUy with U, = 040, and

0 —DOf(r,v) . 0Q(v)
p— ’r' , Qe pr—
2 ov ov

0 V2D =) (D — 04z —2) 777D

Note that the null energy condition requires p > O.

In what follows d =D — 0 + 1 is the effective dimension.
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To compute the entanglement entropy for a strip with width ¢, let us consider
the following strip

0Lz <L, fora=2,---,D.

Since the metric is not static one needs to use the covariant proposal for
the holographic entanglement entropy. Therefore the corresponding co-
dimension two hypersurface in the bulk may be parametrized by v(x) and
p(x). Then the induced metric on the hypersurface is

1-d B > B
dsthg = p° D [(1 — p? T2 f(p, )" = 2pt Zv’ﬂ’) da? + d:r:g),

29



The area of the hypersurface reads

U LP-1 /2 " \/1 _ 2,01_Zv’p’ _ p2—2z,U/2f
2 —£/2 pd—1

We note, however, that since the action is independent of z the correspond-
ing Hamiltonian is a constant of motion

p""L = H = constant.

Moreover we have two equations of motion for v and p. Indeed, by making

use of the above conservation law the corresponding equations of motion
read

2 2
of Py of n 1—=2
Op Py = —L =2 Op Py = L H? P,P,,
where
P, — 11—z, 7 1—2z 7 P — 1—2z 7
v =p"" (' +p V), p=p U,

are the momenta conjugate to v and p up to a factor of H~1 respectively.
30



T hese equations have to be supplemented by the following boundary condi-
tions

(D=0,  w(D=t  PO)=0, (©0)=0

and

p(0) = p, v(0) = vy,

where (pt, v) is the coordinate of the extremal hypersurface turning point in
the bulk.

In what follows we will consider the case of £ > pg

The process we will be considering for the thermalization after a global
quantum quench consists of three phases: initial phase, intermediate phase

and final phase.
31



1) v < O region

In this case which corresponds to the vacuum solution one has
Pliyy = ¢/ +p' 750" =0,

which together with the conservation law yields to

o(p) = v+ (o — ) x<p>—/“¢dw
p2

£2n .

Note also that at the null shell where v = 0, from the above equation, one
gets

pe = pi + zvt
which, indeed, gives the point where the extremal hypersurface intersects

the null shell. Moreover, from the conservation law in the initial phase one
finds
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i) v > 0 region

In this case which the corresponding geometry is a the black hole, using the
conservation law one arrives at

Pé or) " .
g2 = ((p) - 1) F(p) = Vg1 (o),

which can also be used to find

d 1 - Py
U_ pl Z_I_ (f)

dp - _p2(1—z)f(p) \/Veff(p)

Here Veff(p) might be thought of as an effective potential for a one di-
mensional dynamical system whose dynamical variable is p. In particular the
turning point of the potential can be found by setting Ve’ff(p) = 0.
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lii) Matching at the null shell

blue Since p and v are the coordinates of the space time they should be
continuous across the null shell.

We note. however, that since one is injecting matters along the null direction
v, one would expect that its corresponding momentum conjugate jumps once
one moves from the initial phase to the final phase.

T herefore by integrating the equations of motion across the null shell one
arrives at
1
/ _ / . / !
Py = (1 - 59(Pc>) PGy L =L@y v = V)

It is, then, easy to read the momentum conjugate of v in the final phase

2n
14 . 14 .
Piry, = 503 9(p)p(yy = —5/% g(pc)J (%) — 1.
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Now we have all ingredients to find the area of the corresponding extremal
hypersurface in the bulk. In general the extremal hypersurface could extend
iIn both v < 0 and v > 0 regions of space-time. Therefore the width ¢ and

the boundary time are found

B 1 d¢ gd—l /;_i d¢ . /;_i d¢ £Z—1 €z—1E

¢
2=\ Je JRE) | o h(® " \/rE))

where F = P(f)vpt—l'

Finally the entanglement reads

1,d—2 /1 dé n /g—‘z de¢
0

¢2(d-1),/R(¢) |

S =
QGpg_Q /P)_i fd_l\/l _ SQ(d—l)
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e Early times growth where t < p%;

LP—1m
T 4G(z+ 1)

e The intermediate region where %>> t> py

AS (zt)1+%,

AS = LD_lsth VE p}{_zt,

where
d+z—-2

o[ d+=-3 E@TVM+z—1
E=\20a+2-2) d+z—3

o Late time saturation t ~ %

LP=1¢
AS = 1
AGpy

Sth =

4Gp

d—1
H
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Applications of entanglement entropy

The entanglement entropy can be used as an order parameter to study
several aspects of quantum many-body physics.

It may characterize different phases and phase transitions and in particular
quantum phase transitions.

It exhibits different scaling behaviours in the process of the thermalization
after a global quench.
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Part two
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Entanglement thermodynamics

Thermodynamics provides a useful tool to study a system when it is in the
thermal equilibrium. In this limit the physics may be described in terms of
few macroscopic quantities such as energy, temperaure, pressure, entropy.

There are also laws of thermodynamics which describe how these quantities
behave under various conditions. In particular the first law of thermodynam-
IcCS which is energy conservation, tells us how the entropy change as one
changes the energy of the system.

T here are several interesting phenomena which occur when the system is far
from thermal equilibrium.

39



The entanglement entropy may provide a useful quantity to study excited
quantum systems which are far from thermal equilibrium. For a generic
quantum system it is difficult to compute the entanglement entropy. Nev-
ertheless, at least, for those quantum systems which have holographic de-
scriptions, one may use the holographic entanglement entropy to explore the
behavior of the system.

Another quantity which can be always defined is the energy (or energy den-
sity) of the system. It is then natural to pose the question whether there
IS a relation between the entanglement entropy of an excited state and its
energy.

For sufficiently small subsystem, the entanglement entropy is proportional to
the energy of the subsystem. The proportionality constant is indeed given
by the size of the entangling region.

J. Bhattacharya, M. Nozaki, T. Takayanagi and T. Ugajin, “Thermodynam-
ical Property of Entanglement Entropy for Excited States,” Phys. Rev. Lett.

110, 091602 (2013) [arXiv:1212.1164 [hep-th]].
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Recall

Gravity on an asymptotically locally AdS provides a holographic description
for a strongly coupled quantum field with a UV fixed point.

The information of quantum state in the dual field theory is encoded in the
bulk geometry. In particular the AdS geometry is dual to the ground state
of the dual conformal field theory.

Exciting the dual conformal field theory from the ground state to an excited

state holographically corresponds to modifying the bulk geometry from AdS
solution to a general asymptotically locally AdS solution.
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First law

The aim is to compute the entanglement entropy of an excited state for the
case where the entangling region is sufficiently small.

Since the entanglement entropy for a small subsystem would probe the UV
region of the theory, from holography point of view one only needs to know
the asymptotic behavior of the bulk geometry.

On the other hand it is known that the most general form of the asymptot-
ically locally AdS may be written in terms of the Fefferman-Graham coordi-
nates as follows
2 R?( 5 y
dsgiq = —2<d7“ + guvdatdr >,

r

b (@, ) = Wi () + b (@)r? + - 4 ¢ <h£f9(:v) + 2§D (2) log r) + -

The log term is present for even d. The information about the excited state

(or the bulk geometry) is encoded in the function h,,(z,r).
42



Let's compute the holographic entanglement entropy for a strip in an AdS
geometry. A d+ 1 dimensional AdS solution in the Poincaré coordinates may
be written as follows

R2
2
et us consider an entangling region in the shape of a strip with the width
of ¢ given by

ds® = (dr2—|—nuydm“dazy), w,v=0,1,---,d—1.

SQZ']_S ngzéL, ZZQaad_l

14
27
The holographic entanglement entropy may be computed by minimizing a

codimension two hypersurface in the bulk geometry whose intersection with
the boundary coincides with the above strip.
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Assuming that the bulk extension of the surface to be parameterized by
xr1 = x(r), the corresponding area is given by

1 /2
Ap = Rd_lLd_Q/drV tre

rd—1

By making use of the standard procedure one may minimize the area to get

7 ~\d—1
E = 2/ : dr (T/Tt) y
01— (r/7)2(@D)

RA-1pd=2 /f“'t dr
4G N € 74d—1\/]_ _ (T/;;t)Q(d—l)7

where r; Is turning point and ¢ is a UV cut off. Thus one gets

B - d d—1
g(0) _ L*2RI [ ! _ pd=2_(d=1)/2 (r(2d2)> 1 ]

s ) =

B 4(d — Q)GN ed—2 pd—2
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Let's now compute the holographic entanglement entropy for a strip in an
AdS black hole geometry.

L2

d.S2
2

(—f(r)dtQ - g(r)er - dx% - dx§_2> , f(r) = g(r)_l =1 — mrd

For the strip, the induced metric on this hypersurface

R2
dS2 4 = — [ (g(r) + x/2> dr? + d:62] .

Therefore the area A reads
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In the limit of mi¢ < 1 the change of the entanglement entropy is

LI2RI-T 2 Ty T (721
32(d + 1)GN V7 T (5t4y)2T (G + 727

AS=S—Sy=

On the other hand since the change of the energy is

- (d— 1)L 2RI 1my
- 167TGN

AFE

Therefore one finds

AS = col AE

which can be recast to the following first law of the entanglement entropy
The entanglement temperature is
1

Tor ~ —
B
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General features

Consider a deformation of the AdS geometry which in turn corresponds to
dealing with an excited state in the dual field theory.

The aim is to compute the entanglement entropy of the strip for an excited
state when the width of strip is sufficiently small in which the only UV regime
of the system will be probed.

Using the notation of the Fefferman-Graham coordinates, we assume that
h,(L"Z)E” < 1. Note that in this limit, practically one needs to compute the
minimal surface up to order of O(h).
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For the above strip the induced metric in the Fefferman-Graham coordinates
S

R2 . o
ds® = ) ((1 + g1122)dr? + 2g1;2 drdzt + gijdaczd:ﬂ).

T herefore to find the holographic entanglement entropy one needs to min-
imize the following area

/2
A= Rd_l/dd_zxdr \/g(r) (1T;klc¥(fr) ')

where g(r) = det(g;;) and G(r) = g11 — 912-97;}19]-1-
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1. Consider the case where the solution is static.

2. To find analytic expressions for our results we will assume that the
components of the asymptotic metric are independent of zq, the direction

the width of strip is exended.

With these assumption the equation of motion of x leads to a constant of
motion

R\ G
) Jirar) o

so that
C

JG(T) [g(r) G(r) ()2 — 2

[
T =

50



The constant ¢ may be found in terms of the turning point where «/ diverges.

Denoting by r; the turning point, one finds

2(d—1)
2 = g(re) G(re) (5)

Tt
It is then straightforward to find the entanglement entropy and the width
of the strip as follows

1 g Ry\2(d—1) g(r)*G(r)

C

=2 a dr
k G o) () (FH2D — 2
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To evaluate the above expressions we note that at leading order one has

g(r) =14 Tr(hg) —h11 +0O(?),  G(r) =1+ hi1 + O(h?),
where a,b=1,2,--- ,d— 1. So that g(r)G(r) = 1 + Tr(h,) + O(R?).

In what follows in order to simplify the expressions, it is found useful to
define the following parameters

N 20d-1)
v(r) = Tr(hg), B(r) =hi1, f(r,r) = J 1-— (—) -

Tt

In this notation at the first order in h one arrives at

_ Tt(?“/?“t)d_ll Y(re) —(r) T] .
Sl T S T S b
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We are interested in the change of the entanglement entropy caused by the
change of the state. We keep the entangling surface fixed.

Since ¢ is kept fixed while the geometry is deformed the turning point should
also be changed. Indeed assuming r; = r; + or; with r; being the turning
point for the pure AdS case, one finds

L [0
Qad 0 f(?“, ’Ft) f2 (’F, Ft)

ory =

— B(r)|dr

where

B 1 éd_l
td = /O \/1 _ £2(d—1)d§7

Moreover the width of the strip £ is the same as that in pure AdS geometry
which is ¢ = 2r;a,.
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It is straightforward to compute the entanglement entropy up to order of

O(h). In fact expanding the expression of the entanglement entropy one
finds

a0y BT o () = f2(r ) B(r)
Sp = ¢ (rt)+8GN/O dr a2 T8 T SR

where S](Eo)(ﬁ) is the holographic entanglement entropy for the strip in a
pure AdS;y 1 geometry.
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By making use of the Fefferman-Graham expansion for the asymptotic form
of the metric one arrives at

Rdl

G N
where the change of the entanglement entropy is defined by

ASp = /o dr (r(o) + r(2),.2 + -+ r(d),.d + F(d)d|n r)

ASp = Sp— S (7)

also

r(n) — Jd" 2 Tr(hf,}f)> f(r, Tt)/dd 2 h(n)
rd=1 f(r, )

=(d) _ fdd_zx Tr(ﬁc(;[f)) f(?“ Tt) /dd 2 h(d)
rd=1f(r, ) |
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Using this expansion it is straightforward to perform the integration over r.
Indeed for d > 2 one finds

Tt n) n 1 — n n
/E dr Ty = (d—2—n)ed_2_n/dd 2x<Tr(h§b>) —h§1)>

_F(d-1,d—1-n) /dd_2x<Tr(h<n>) _d- h<n>>

pd—2—n n+ 1
1 1
= N () ]\4("1)7
(d — 2 —n)ed—2—n + e d—2—n
where € is a UV cut off, and
1 1 2m-+1—
217 (2» 277:7’ m2m 8 1)

P(m,n) = m

with >F7 being the hypergeometric function.
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Note that for even d and n = d — 2 one finds just a logarithmic divergence
as N(@=2) | < while for odd d and n = d — 1 the result is finite and is given

by M(d—1) 7

Forarbitrary d for n = d it leads to a finite term given by r; 207(d) - More

precisely, using the fact that in general at leading order Tr(h,(fi)) = A with
A being the trace anomaly one finds

Tt (d),.d _ _ 1 12 [ g@2,( (D B 7,(d)
| ar T = —p(a—1,-1) 77 [ d ( A d+111>

Note that for odd d the anomaly term is zero. One should add that when
d is an even number we have another term coming from (4 which can
similarly be calculated leading to an Inr; contribution to the entanglement

entropy.
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Setting ¢ = 2r;a,4, one can find the variation of the entanglement entropy,
ASgpg, as a function of ¢. For odd d

Rd—l 1 (Qad)(d—Q—n)
ASp = N 4 M)
LREIMETD R 1F<d— 1,-1) /dd 2, (p(@ _ 4=1 @
16G yay 32a3G d+1 11
while for even d one gets
Rd—l 1 (2ad)d—2—n)
ASp = N() M)
= 8G v gl_z ((d 2 _p)ed—2-n T d—2n
d—1 nr(d—2)
+R N n 2eay
8GN 0
R©IF(d-1 =1 2 /dd—Qw B 44 B
32a§GN tt d _|_ ]_
Rd lF(d—-1,-1) , Ini /dd—Qx 7(d) d — 7 (d)
32a2Gy 2a " d—l— 111

Here we have used the fact that Tr(Eff,Z,)) = 0.
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When one excites the ground state to an excited state, the energy of the
system is increased and generally one gets non-zero expectation value for
the energy momentum tensor.

dRA—1 (d)
T = ——h
< MV> 167TGN HY

The extra non-trivial contribution to the entanglement entropy is coming
from expectation value of the energy-momentum tensor which does depend
on the excited state we are considering.

S. de Haro, S. N. Solodukhin and K. Skenderis, "“Holographic reconstruc-
tion of space-time and renormalization in the AdS / CFT correspondence,”
Commun. Math. Phys. 217, 595 (2001) [hep-th/0002230].
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More precisely one finds

- M™)  rR(d—1,-1)¢ d—1

Astinite — N~ - ! AE -~ = [ AP dV;_
E Zn:( ) id—zn 2a2d d—+1 rrd=l
de—l

+167TGN

/AdVd—1>+~w

where (---) stands for some numerical factors and dVy_; = ¢d%2z. More-
over the energy and entanglement pressure are defined by

AFlL = /dVd—1<Ttt>> APy = (T11).
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For the case of hfﬁ) = 0 where one has

P (1) = hi) (x) 1

the boundary is flat the anomaly term is zero and therefore one gets

7t C d—1
ASy = =1 (AE _ d_l_—l/dVd_lApx) |

where

()
A )
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One may define entanglement temperature in terms of the width of the
strip. In the present case the corresponding temperature may be given by

A4dC2 1
Tp=-—2°
wCq /£

Assuming that hff,i,) to be constant one gets

d—1
d+ 1
where V,;_1 is the volume of the entangling region.

AE = TpASg +

Vd— 1 Apy

Due to its similarity with the first law of thermodynamics we would like to
consider this expression as the first law of entanglement thermodynamics.

62



General form

So far we have considered the static case where the corresponding back-
ground geometry was time independent.

It is, however, possible to show that the final results also hold for time
dependent cases.

As long as we are interested in a sufficiently small subsystem we could still
use the static solution leading to the same result for the first law.

Consider a time dependent excitation state above a vaccum solution. From
the bulk point of view it corresponds a time dependent deviation from AdS
solution.

There are several sources which contribute to the change of the holographic
entanglement entropy. The change may be caused by the change of the

turning point, the change of the solution and the change of the metric.
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The interesting point is that at leading order which is what we are interested
in the change of entanglement entropy is completey given by the change of
metric

1
asp = 4o [ @ taydet o) o) oy

where g-(o) (1)

. and g, 7 are the induced metrics on the codimension two hy-
persurface in the bulk for the cases of AdS geometry and the perturbation

above it, respectively.

The result is the same as that we considered in the previous section. T here-
fore the first law we have inroduced may also be applyed for the time de-
pendent case.

M. Nozaki, T. Numasawa and T. Takayanagi, “Holographic Local Quenches
and Entanglement Density,” arXiv:1302.5703 [hep-th].
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Other laws of entanglement thermodynaics

Based on the holographic description of the entanglement entropy and for
explicit examples we have found a relation between entanglement entropy,
energy and entanglement pressure which using the similarity with the ther-
modynamics could be thought of as the first law of entanglement thermo-

dynamics.

It is then natural to pose the question whether there are other laws similar
to what we have in the thermodynamics.
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Second law

There is a natural statement for the second law of entanglement thermody-
namics: the strong subadditivity.

According to the strong subadditivity for any given two subsystems A and
B one has

SEA) T SEB) < SE(AUB) T SE(ANB):

It is worth noting that although the entanglement entropy is divergent due
to UV effects, the divergent parts of the entanglement entropy drop from
both sides. In fact this inequality is also satisfied by the finite part of the
entanglement entropy.
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So far our suggestions and statements about the laws of entanglement ther-
modynamics were based on rigorous computations.

To proceed for other possible laws we note that although we will use an
explicit example to explore them.

The most important part of our study is the definition of the entanglement
temperature.

From dimensional analysis and also from our experiences in thermodynamics
and hydrodynamics it is natural to consider the inverse of the typical size of
the entangling region as the temperature.

But there is a non-universal numerical factor in its definition!

As long as we are considering entangling regions with a fixed shape the
numerical factor is universal.
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Zeroth law

Apart from this ambiguity, in what follows for a fixed shape we suggest
a statement which could be considered as the zeroth law of entanglement

thermodynamics.

Consider two entangling regions given by two strips with the width of /1 and
{5, respectively.

When they joined together we get another strip whose width at most could
be {3 =401 4 {5, Or

b1+ > > 43

Using the definition of the entanglement temperatures before and after
joining one gets
1 1 1
Thg 1Iop  13E

It is easy to argue that such a relation could also be satisfied when the

entangling regions are spheres.
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For a special case where the system is isotropic one can find this relation
from strong subadditivity.

AS1g+ ASyp > AS3E

which results, taking into account T ASp ~ AE

ville . Vi€ Vi
Thg I 13p
Then (for strip)
1 1 1

+ >
2 2 = 2
Tl E T2E T3E

Therefore one finds

2 2
1 1 1 1 1
<— + —) >t 5> (—)
Ing  Iog Iy T5g I3

69



Third law

Let us now proceed to introduce the third law of entanglement thermody-
Nnamics.

Consider the finite part of the entanglement entropy of a strip for an excited
state up to order of O(TEQ)

RA-L |
finite __ d—2 o) d—2 d—2—
ghinite - — s | (BoL + BoMONHT4-2 4 N B, MM Td-27n
n=1
1 1
- —AP AV,
+TE( Bt g ateabe- 1)

where Bg, B, are numerical factors.

shnite Tg—z for large T
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The finite part of entanglement entropy goes to infinity for sufficiently higher
entanglement temperature.

Due to a natural UV cut off in the theory there is a natural cut off for
temperature preventing to get infinite entanglement entropy.

Note that as we increase the temperature, the dominant divergent parts
comes from the ground state which corresponds to the AdS geometry. it is
then possible to argue that the above statement is also valid for other shape
of the entangling region.

71



LLaws of entanglement thermodynamics

e Zeroth law: The entanglement temperature is proportional to the inverse
of the typical size of the entangling region and for two subsystem A and
B one has

1 1 1
+ > :
Toye Te TwuuB)E

e First law: There is a relation between the energy of the system and the
entanglement entropy as follows
d—1
d—+1
where AP, is the entanglement pressure normal to the entangling sur-
face.

AE = TpASE +

Vi—1AP,,
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e Second law: Entanglement entropy enjoys strong subadditivity

SEA) T SEB) < SE(AUB) T SE(ANB)

e [hird law: There is an upper bound on the entanglement temperature
preventing to have an infinite entanglement entropy.
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An explicit example

The AdS Schwarzschild background

> _ R? > dp? p\*
ds 2 —f(p)dt +f()+§:d:1: , f(p)=1—<—>

PH

where pg is the radius of horizon. By making use of the coordinate trans-

formation % — p]fl%, one may recase the metric to the Fefferman-Graham

coordites as follows

R2
ds® = —(dr + gupdztdx’),

whose asymptotic behvior of the metric components are

4(d — 1
gtt—_l_l_h(d) 4= = -1+ ( d )P[—[T Jaa = 1—|—hc(zilb)7“d— 1+ ,OHTd
So Al = 4(d 1) phVy_1 and AP, = From first law one finds
a(d— 1)
TpASE = P Va1

d+1
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Modular Hamiltonian

Consider a general quantum system. For any satet in the system, the state
of a subsystem A is decsribed by reduced density matrix

pA = Tra.(pProtal)

where piotg) IS the density matrix of the system and A, is the complement
of A.

The entanglement entropy is defined by the von Neumann entropy

Sa=—Trpalogpy

Since the reduced density matrix is both hermition and positive (semi) def-

inite, it may be expressed sa
e—Ha
PA = Tr(e—Hay

H 4 is modular Hamiltonian.

Tr(pa) =1
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Consider any infinitesimal variation to the state of the system. At first order
one gets

884 = —Tr(6palogpa) — Tr(pap, dpa)

= Tr(dpaH ) — Tr(dpa)
T herefore the variation of entanglement entropy satisfies
054 = 6(Hy)

where H 4 is associated with the original unperturbed state.

For a general quantum field theory, general state and general entangling
region, the modular Hamiltonian it not known.

T. Faulkner, M. Guica, T. Hartman, R. C. Myers and M. Van Raamsdonk,
“Gravitation from Entanglement in Holographic CFTs,” arXiv:1312.7856
[hep-th].

76



For a conformal field theory in its vaccum state pior5 = |0)(0| in d-dimensional
Minkowski space and an entangling region in a form of a ball, the modular
Hamiltonian has a simple form.

Consider a ball with radius Ry on a time slice t = tg and centered at 2! = m%
one has

T (to, )

R2 s =22
Hpa) = 27r/ gi-1,, 110 = 12 = o
Ball 2Ry

where T}, is stress tensor.

P. D. Hislop and R. Longo, “Modular Structure of the Local Algebras Asso-
ciated With the Free Massless Scalar Field Theory,” Commun. Math. Phys.
84, 71 (1982).

H. Casini, M. Huerta and R. C. Myers, “Towards a derivation of holographic
entanglement entropy,” JHEP 1105, 036 (2011) [arXiv:1102.0440 [hep-th]].
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T herefore, starting from the vaccum state for any CFT and a ball-shaped
entangling region, the first law reduces to

5Sp = 6Ex

where

RQ_ = =12
EB=27T/ gi-1, o= 1% =% (Tyt(to, T))

Ball 2Rg

For a CFT theory which has gravitational description, both S and 0E can
be computed from gravity side. Then the first law is a constraint on the
small perturbations around the vacuum AdS solution.
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e For small perturbation around the vacuum solution satisfies linear equa-
tions of motion, the first law would hold.

e A small perturbation which satisfies first law, will obey linear equations of
motion.

Application

First law applied to infinitesimal ball shaped enatangling regions may be
used to compute holographic stress tensor and constrains the asymptotic
brhaviour of the metric.
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Summary
1. Entanglement entropy is a good order parameter
2. There is very nice simple holographic description of entanglement entropy

3. One may define a framework for entanglement entropy such as thermo-
dynamics

4. First law of entanglement entropy may provide an alternative way for
holographic renormalization
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