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Outline of the talk
1-Historical background
2-GP Transformation (Coordinates)
3-1+3 decomposition of space-times
4-Staticity condition in terms of Bg

5-Uniqueness of de Sitter-type space-
times
6-Axially and cylindrically symmetric 
examples
M. Nouri-Zonoz, J. koohbor and H. Ramezani-Aval, PRD,91, 2015
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History of the story
1917: After Einstein’s static Universe, de 
Sitter solution was the second cosmological 
model incorporating a new constant, the so 
called cosmological constant Λ into the 
original EFEs   
Eddington’s famous quote:
Einstein Static Universe : Matter without 
motion  
De Sitter world : Motion without matter



4

Einstein static Universe and de Sitter 
world

Born in the same year they had different fates
ESU turned to a pathological case (in comoving dust frame)

De sitter continued to stay in the stage (in CSCS )
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Static and dynamic forms of de sitter
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Comoving Synchronous Coordinate 
Systems (CSCS)

Gravitational field can not be stationary in a 
synchronous coordinate system.

In a synchronous 
coordinate system 

Comoving frame

Synchronous coordinate system could also be a 
comoving one, in which the fluid elements are at 
rest, only if  its pressure gradient vanishes.
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Gullstrand-Paineleve Trax.(Coords)

Rain metric (River model of BH)

FIDOs see FFOs move radially inward with

r =2M

Hamilton & Lisle, AJP,2004
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De Sitter in GP coordinates

FIDOs see FEOs move radially outward with
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Spatial Distances and time intervals in 
curved spacetimes

spacetime decomposition into space and 
time: why?

Measurement:4d               3d 
I-A-observer  B-observable

II-1+3 vs 3+1 formulations
Threading and foliation
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Threading vs Foliation
1+ 3:Threading GEM formalism

Eg and Bg fields D. Lynden-Bell & M.N-Z, Rev. Mod. Phys., 1998

3+1:Foliation  
ADM lapse and shift   
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Quasi-Maxwell form of EFEs for a 
perfect fluid
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Staticity condition in terms of the 
Gravitomagnetic field

a stationary space-time is static if and only if 
its gravitomagnetic field vanishes i.e Bg = 0
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M. N_Z  &  A. Parvizi, 2014



Static spacetimes in non-comoving 
frames
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EXA: static interior Schwarzschild solution which is obtained in the 
comoving (but not synchronous) coordinate system

EXC: An obvious exception in the above feature is the case of 
a perfect fluid with EOS  of dark energy, i.e p = −ρ = const. 





Application of the time transformation  transforms the metric 
to the GP coordinates corresponding to the proper time of freely 
escaping observers along the outgoing radial timelike geodesics  
which also represent the trajectories of the fluid elements. This 
is so because this transformation leads to the coordinate system 
in which  u^a = (1, 0, 0, 0), while the radial coordinate 
transformation takes the metric to its synchronous form in 
CSCS (i.e g00 = 1 and g0α = 0) where now 
u_a = (1, 0, 0, 0). On the other hand due to the vanishing of the 
pressure gradient for the perfect fluid with EOS p = −ρ = const., 
a synchronous coordinate system could also be a comoving one 
in which the perfect fluid elements  
are at rest.



Nariai spacetime as an axially 
expanding Universe
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Conclusions



Why, in the absence of matter, there is a 
unique flat spacetime solutuion of EFEs but 
genuinely different de Sitter-type solutions of 
MEFEs? 
Our answer :
There is a hidden parameter which distinguishes 

between diffrent de Sitter-type solutions and
that is the velocity of the perfect fluid with EOS 
p = −ρ = const. which formally plays
the role of the cosmological constant in these 
solutions. 
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Borrowing Eddington’s language:  
Einstein static Universe is a Universe in a 
coordinate system with “comoving matter 
and non-comoving dark energy”, 
Time-(in)dependent de Sitter-type 
spacetimes are Universes in a coordinate 
system with “(non-) comoving dark fluid”
and 
Minkowski spacetime is the “no matter no 
dark energy” or “no nothing” Universe
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Identification of the geometric (cosmological
constant) term Λgij, with a perfect fluid with 
the EOS p = −ρ = const., although 
mathematically consistent , obscures the 
crucial role of the dark fluid’s velocity  in 
defining  a preferred comoving coordinate 
system in de Sitter-type spacetime
so 
For a consistent interpretation of de Sitter-
type spacetimes one should model the 
cosmological term as a perfect  (dark ) fluid.
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Thanks for your 
attention
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